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Abstract
This paper takes a re-look at anisotropy in wall-turbulent shear ﬂow, from the viewpoint of the primitive equations for
turbulence, i.e. without considering averages. The paper attempts to develop some simple rules for the anisotropic part,
and arrives at a logical deﬁnition of eddy viscosity and the turbulent shear stress tensor. The results are extended to
the constitutive equation for organised disturbances in turbulent shear ﬂows, when such disturbances are present. The
model of Sen and Veeravalli (Sadhana,1998, 2000, 2007), for organised disturbances, seems to be vindicated.
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1. Introduction
The objective of this paper is twofold. First, to take a re-look at anisotropy in turbulent shear ﬂow,
particularly the turbulent boundary layer. This is done from the primitive equations for turbulent ﬂow, i.e.
before averaging. It is seen that the basic turbulence ﬁeld can be decomposed into an isotropic part, and an
anisotropic part. The isotropic ﬁeld is like a complementary solution which reaches a statistical steady state.
Whenever this isotropic ﬁeld is disturbed by an external agency, then this disturbance shows up as a forcing
function. This forcing function brings about an added solution which is like a particular integral. This added
solution is also statistically random, but of a diﬀerent character than the isotropic solution. Also as a result
of the analysis a precise meaning of eddy viscosity is found.
The second objective of the paper is to use the above concepts and methodology to look at the dynamics
of organised disturbances, when such disturbsnces are present in the turbulent ﬁeld. The procedure does lead
to a semi-analytical and semi-emperical derivation of the model of Sen and Veeravalli [1,2,3], for organised
disturbances.
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2. Development of the problem
We begin from the Navier-Stokes and continuity equations for the ﬁeld Ui, P, i.e. respectively the
velocity and pressure ﬁeld, in terms of the space and time variables xi, t. Note that U1,U2,U3 will be freely
interchangeable respectively with U,V,W, and, x1, x2, x3 also so respectively with x, y, z. Also, in wall
turbulence, as in the ﬂat-plate turbulent boundary-layer problem to be considered here, x is the direction of
mean ﬂow, y is the direction normal to the plate, and z is in the transverse direction of the plate. Likewise,
U,V,W, are the velocities respectively in the x, y, z directions. The Navier Stokes and continuity equations
are given below:
∂Ui
∂t
+ Uj
∂Ui
∂x j
= −1
ρ
∂P
∂xi
+ ν
∂2Ui
∂x j∂x j
; (1)
∂Ui
∂xi
= 0 . (2)
The total velocity and pressure ﬁeld are decomposed, in the standard Reynolds way, into mean and turbulent
parts respectively, i.e. Ui = Ui + ui and P = P¯ + p ; where, generically overbar (¯) depicts mean part, and
lower case depicts turbulent part. What is novel in the current procedure is that the turbulent part is further
decomposed into an isotropic part and an anisotropic part, respectively accented by the generic symbols (ˆ)
for the isotropic part, and (˘) for the anisotropic part. Thus ui = uˆi + u˘i, p = pˆ + p˘.
Now we look at the equations for isotropic turbulence. The mean ﬁeld is given by a constant U, for
example as in grid generated turbulence in a wind tunnel, with V¯ , W¯ = 0. The equations are written below,
respectively for momentum and continuity:
L() =
∂()
∂t
+ U
∂()
∂x
+ uˆ
∂()
∂x
+ vˆ
∂()
∂y
+ wˆ
∂()
∂z
− ν∇2() :
∇2 = ∂
2
∂x2
+
∂2
∂y2
+
∂2
∂z2
. (3a, b)
Hence the isotropic equations can be re-written as follows:
L(uˆ) +
1
ρ
∂ pˆ
∂x
= 0 ; L(vˆ) +
1
ρ
∂pˆ
∂y
= 0 ; L(wˆ) +
1
ρ
∂pˆ
∂z
= 0 .
∂uˆ
∂x
+
∂vˆ
∂y
+
∂wˆ
∂z
= 0 . (4a, b, c, d)
The hallmark of isotropic equations is that there is no sustaining production term since uˆvˆ, vˆwˆ, wˆuˆ = 0,
and uˆ2 = vˆ2 = wˆ2. Thus the Reynolds stress tensor is a scalar, i.e. isotropic. We will need to see whether
some of the considerations for isotropic turbulence, in the outer region, can be carried over to inside of the
turbulent region, in turbulent boundary layer ﬂow, or in turbulent channel ﬂow.
To seek answers to the above questions we look at the problem of a basic isotropic turbulence ﬁeld on
which a very small mean velocity gradient dU
dy
has been imposed. The immediate consequence is that the set
of equations (8a, b, c), and eq. (6) have a forcing term, and a forced solution, given as follows:
L(uˆ) +
1
ρ
∂ pˆ
∂x
+ Fx = −vˆ
dU
dy
; L(vˆ) +
1
ρ
∂pˆ
∂y
+ Fy = 0 ; L(wˆ) +
1
ρ
∂pˆ
∂z
+ Fz = 0 ;
∂uˆ
∂x
+
∂vˆ
∂y
+
∂wˆ
∂z
+ Fc = 0 ; (5a, b, c, d)
where, −vˆ dU
dy
is the forcing term, and Fx, Fy, Fz, Fc are terms corresponding to the forced solution. It is
obvious that the above set of equations cannot be satisﬁed by the isotropic solution alone, which is like the
‘free’ solution. But before we look at the ‘forced’ solution there are some aspects to to be discussed. We
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assume that dU
dy
∼ O(). Further, as a consequence of the mean shear, the uˆ, vˆ, wˆ, pˆ intensities will also be
varying slowly in the y direction, i.e. uˆ2, vˆ2, wˆ2, pˆ2 will be slowly varying functions of y. Whilst this may be
so, we assume that the changes in mean quantities with y are very small as compared to the local turbulence
ﬂuctuations. Thus we envisage a situation where there is localised isotropy, at every station in y, although
there is a slow variation of root mean square (rms) quantities, and of U, with y. This artiﬁce allows us to
look at ‘forced’ solutions separately at every station in y. However, so far as the local turbulence equations,
free or forced, are concerned, the variations in x, y, z, t are all rapid.
Keeping the above in view we seek a ‘forced’ solution for 6(a, b, c, d) by remembering that at every
y, the forcing term is like −vˆc, where c is a local constant with c = dU
dy
∼ O(). At every location the
forced solution is of the form u˘, v˘, w˘, p˘. The solution is O(), and we linearize the momentum equations by
neglecting the O(2) terms (like, e.g. u˘ ∂u˘
∂x
). Thereafter, we get the equations for the anisotropic ﬁeld, after
subtracting the isotropic ﬁeld equations, as follows:
L(u˘) + u˘
∂uˆ
∂x
+ v˘
∂uˆ
∂y
+ w˘
∂uˆ
∂z
+
1
ρ
∂p˘
∂x
= −vˆc ;
L(v˘) + u˘
∂vˆ
∂x
+ v˘
∂vˆ
∂y
+ w˘
∂vˆ
∂z
+
1
ρ
∂p˘
∂y
= 0 ;
L(w˘) + u˘
∂wˆ
∂x
+ v˘
∂w˘
∂y
+ w˘
∂wˆ
∂z
+
1
ρ
∂p˘
∂z
= 0 .
∂u˘
∂x
+
∂v˘
∂y
+
∂w˘
∂z
= 0 . (6a, b, c, d)
Further we may deduce an important result, that v˘  0, and may be neglected. This is because any any
additional v, like v˘, will create a new forcing function v˘ dU
dy
, which in turn will give newer generations of v˘.
With the result that v˘ will attain ‘runaway’ magnitudes. This will be particularly so in regions nearer the wall
where dU
dy
is not small. Hence the only possible resolution is that v˘  0. Again the set of equations (6a, b, c, d)
above look very symmetric. This will be signiﬁcant when the equations for the organised disturbances are
developed.
The equations (6a, b, c, d) constitute a set of linear equations, when the isotropic ﬁeld (uˆ, vˆ, wˆ, pˆ) is
given. The anisotropic solution (u˘, v˘, w˘, p˘) therefore ‘rides on’ the isotropic ﬁeld, and is brought about by
the forcing caused by −cvˆ. We now try and deduce some of the expected properties of the anisotropic
solution. First we look at the w˘ term. Owing to the known statistical homogeneity of the turbulence ﬁeld in
the z-direction, we can deduce that, w˘uˆ = 0, w˘u˘ = 0, and w˘vˆ = 0. Next we look at the all important u˘-term.
We know that in anisotropic shear ﬂow, with dU
dy
 0, there must be a turbulent shear stress τxy. Which
means that uv  0, and since uˆvˆ = 0, therefore, remembering that v˘  0, we have u˘vˆ = τxy  0. Notionally
therefore, we can think that u˘ must consist of two parts; one part u˘c that correlates with vˆ, that is it correlates
with the forcing term −cvˆ; and, the other part u˘n that does not correlate with vˆ, that is it does not correlate
with the forcing term −cvˆ. Thus we have u˘ = u˘c + u˘n, with u˘cu˘n = 0, where subscripts c and n generically
imply respectively the part that correlates with the forcing term and the part that does not correlate with the
forcing term. Note that u˘n could be zero, but u˘c cannot be zero. Since u˘c ∼ vˆ, therefore u˘c does not correlate
with uˆ, i.e. u˘cuˆ = 0. However whether or not u˘n correlates with uˆ, cannot be said a priori, but later on we
will give an argument to show that u˘nuˆ = 0.
At this stage we need to go into analysis of experimental results, in a manner that has not been done
before, so that the many suppositions, and deductions, that have been made above, can be tested and recon-
ciled.
3. Reconciliation with experiments
The experimental results for turbulence measurements in the ﬂat-plate turbulent boundary layer, obtained
by Klebanoﬀ [4], will be used as the basis of analysis. Figure (1) shows Klebanoﬀ’s results reproduced from
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Schlichting [5]. Figure shows the turbulence intensities as the rms values of u, v,w, normalised by the free
stream mean velocity U, to be subscripted generically herein by r where r stands for rms values. Thus the
rms values are ur, vr,wr. Also shown in the ﬁgure is the (kinematic) Reynolds stress distribution −20uv,
where u, v are normalised by U. The abscissa is the x-axis, which is normalised by the boundary layer
thickness δ. Henceforth all velocities will be normalised by U, and all lengths normalised by δ. Figure
(2) shows the same plot corrected for inermittency. Also, a very similar plot exists for channel ﬂow, from
the measurements of Reichardt [6], again may be seen in Schlichting [7](not reproduced here). Figures
(1) and (2), and also the measurements of Reichardt, also show that vr remains more or less constant at its
outer value, inside the shear ﬂow region till very close to the wall. This result lends support to the earlier
contention that v˘  0. We will continue to use the symbol ν for viscosity, and this will mean ν = 1/R,
where R is the Reynolds number given as R = Uδ
ν+
where ν+ is dimensional eddy viscosity. We will retain
the symbol ρ for density, remembering that, when the governing equations refer to the experimental results,
then in non-dimensional form ρ will mean ρ = 1. Moreover, ﬁg. 3 shows the distribution of U, and ﬁg. 4
shows the distribution of dU
dy
. It is to be noted that the plot for dU
dy
is very similar in shape to the anisotropy
function λ given in Sen and Veeravalli [1,2]. This feature will be used later on in connection with organised
disturbances, where in the present analysis, λ will be substituted by dU
dy
.
At this stage, we make a signiﬁcant, and perhaps drastic, assumption; that, the common minimum be-
tween ur, vr,wr, viz. vr, is actually the isotropic turbulent velocity distribution. This assumption is consistent
with the earlier stipulation that v˘  0. Thus we have uˆ2 = vˆ2 = wˆ2 = v2r . Consistent with the above assump-
tion we have
u˘2 = u2 − v2r ; (7)
w˘2 = w2 − v2r ; (8)
Plots of u˘r and w˘r, calculated from eqs. (7, 8) above, are shown in ﬁg. 5. Also shown in the ﬁgure is
a plot of vr, as a depicter of the rms isotropic velocity distribution. Moreover plots of u˘cr and u˘nr are also
shown in the same ﬁgure. To see how u˘cr and u˘nr are calculated we look at the next ﬁgure, i.e. ﬁg. 6. If our
assumptions and contentions so far are correct then μu˘rvr should match the experimental Reynolds stress
distribution, where μ is one single matching constant. The value of μ = 0.68 gives the match. Therefore
u˘cr = 0.68u˘r. The comparison between the two Reynolds distributions shows that the match becomes
somewhat poor for y < 0.2. Reference to ﬁg. 4 shows that in the region y < 0.2, dU
dy
shoots up. Hence the
neglect of non-linear terms in eqs. (6a, b, c, d) is not justiﬁed in this region. Nevertheless, what is signiﬁcant
is that despite non-linearities the match is not too bad, and not too far diﬀerent from the middle and outer
regions.
At this stage one more feature needs to be checked. Is the correlation between u˘n and uˆ, i.e u˘nuˆ equal to
zero? First we will assume that this is not so. We recall that the following should be true:
u2 = uˆ2 + u˘2c + u˘
2
n + 2uˆu˘c + 2uˆu˘n + 2u˘cu˘n . (9)
It has been discussed and argued earlier that uˆu˘c = 0, because u˘c ∼ vˆ, and u˘cu˘n = 0 by deﬁnition. We
note that all the terms in eq. (9) are of the order ∼
(
dU
dy
)2
, except for the term uˆu˘n which is ∼ dUdy . This
would prevent the matching of the Reynolds distribution by a single constant μ, as discussed above. Hence
if the anisotropic and isotropic parts are separated properly, then uˆu˘ = 0, since both uˆu˘c = 0 and uˆu˘n = 0.
Reverting back to ﬁg. 5, we see that both u˘cr, u˘nr and also w˘r, all depict close magnitudes to each other and
seem to have the same scaling. This is conﬁrmed in ﬁg. 7 where the normalised plots of u˘r, u˘cr, u˘nr, w˘r are
given and they all virtually coincide. Hence eq. (9) becomes the following:
u2 = uˆ2 + u˘2c + u˘
2
n . (10)
Another aspect to look at is the eddy viscosity ε. This may be calculated by dividing the Reynolds stress
by dU
dy
, that is ε = uv/ dU
dy
. Now, as may be seen in ﬁg. 6, there are two versions of the Reynolds stress, one
from measurement and the other from current estimations. These give two versions of ε shown in ﬁg. 8.
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Both the versions of ε match very, well, and also both show a linear-like growth in the wall region and a
constant-like behavior in the outer region, which is consistent with basic wall-turbulence theory.
In conclusion therefore the following points can be made:
1. The assumption uˆ2 = vˆ2 = wˆ2 = v2r is reasonable.
2. The assumptions u˘2 = u2 − v2r and w˘2 = w2 − v2r , are reasonable.
3. The assumption v˘  0 is reasonable.
4. The assumption u˘c ∼ vˆ is reasonable.
5. Also u˘cr = 0.68u˘r and u˘nr = 0.72u˘r. Hence u˘cr and u˘nr are approximately equal and may, for practical
purposes be taken as u˘cr = u˘nr =
1√
2
u˘r.
6. One of the most important conclusions is Rule 6, which is the following. If the forcing term in eqs.
(6a, b, c, d) be −vˆc, then the concomitant anisotropic response term is vˆ∗c. Further, the anisotropic response
term can also be seen from the perspective of the forced solution, namely u˘ = u˘c + u˘n. Also, remembering
that c = dU
dy
, we deﬁne, the quantities generically superscripted by (•), the anisotropic response ﬁeld when
the forcing is just −vˆ, i.e. when c = 1. Thus we have the following:
u˘ = u˘•
dU
dy
; u˘c = u˘
•
c
dU
dy
; u˘n = u˘
•
n
dU
dy
. (11a, b, c)
Simultaneously we need to look at the forced solution from the perspective of the forcing term. That is
vˆ dU
dy
→ vˆ∗ dU
dy
. Hence we have, generically the important pairs {vˆ, u˘} and {vˆ∗, u˘•}. The ﬁrst term gives the
perspective of forcing and the second term gives the anisotropic response. This gives the following important
results:
ε
dU
dy
= u˘vˆ = u˘cvˆ = u˘crvˆr ; ε = u˘•vˆ = u˘•c vˆ = u˘
•
crvˆr . (12a, b)
The above equation (12b) gives a practical rule for ﬁnding the anisotropic response to a forcing term, e.g.
u˘•cr, when the eddy viscosity ε is notionally known; i.e. u˘
•
cr =
ε
vˆr
.
4. Organised disturbances
Before proceeding with this section, we mention in advance that the velocities and pressures of the
anisotropic ﬁeld disussed above, viz. u˘, v˘, w˘, p˘, are subscripted by 0, so that
{u˘, v˘, w˘, p˘} → {u˘0, v˘0, w˘0, p˘0} . (13)
This is because in this section there will be more sets of anisotropic ﬁelds introduced, as a consequence
of the presence of organised disturbances, subscripted respectively by 1, 2, 3, · · ·. Organised disturbnces
can be introduced in the turbulent ﬂow ﬁeld through an external device like a vibrating ribbon, or using a
loud-speaker sending an oscillating pressure pulse through a two-dimensional slot, similarly as in laminar to
turbulent transition experiments. The organised disturbances are an external imposition and are not an innate
feature of the turbulent ﬁeld. The aim of our analysis is to see how organised disturbances behave in the
turbulent ﬁeld once they have been introduced. The organised disturbances are generically accented herein
by (˜). Also, the organised disturbances are assumed two-dimensional so that the ﬁeld is u˜, v˜, p˜, with w˜ ≡ 0,
and, all derivatives of u˜, v˜, p˜ with respect to z are zero. The basic representation of the velocity-pressure
ﬁeld, in the presence of organised disturbances is the classical triple decomposition, given by
U = U + u + u˜ ; V = v + v˜ ; W = w ; P = P + p + p˜ . (14a, b, c, d)
The governing equations for organised disturbances are obtained, after ensemble averaging, as for example
obtained by Sen and Veeravalli [1,2]. These are given for (x1, x2)- momentum, and continuity equations as
follows:
∂u˜1
∂t
+ U
∂u˜1
∂x1
+ u˜2
dU
dx2
+
1
ρ
∂p˜
∂x1
− ν∇22u˜1 +
∂r11
∂x1
+
∂r12
∂x2
= 0 ; ∇22 =
∂2
∂x2
1
+
∂2
∂x2
2
;
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∂u˜2
∂t
+ U
∂u˜2
∂x1
+
1
ρ
∂p˜
∂x2
− ν∇22u˜2 +
∂r21
∂x1
+
∂r22
∂x2
= 0 ;
∂u˜1
∂x1
+
∂u˜2
∂x2
; (15a, b, c, d)
In the above equations the tensor ri j is deﬁned as
ri j =< uiu j > −uiu j ; (16)
where the symbol < > implies ensemble averaging. This ri j term is really the point of contention, because
Sen and Veeravalli [1,2] and earlier workers like Reynolds and Hussain (1972) had empirical expressions
for it. Note that ui in eq. (16) implies that the ui are already modulated by the response ﬁeld created by the
organised disturbances; otherwise, ri j would be ri j ≡ 0.
In the present work we try to derive a relation for ri j. The turbulent ﬁeld as we understand it is ui =
uˆi + u˘0i, and p = pˆ + p˘0. We will see that such a perception is incomplete and the turbulent ﬁeld must
be augmented by a perturbation ﬁeld u´i, p´, where the acute accent ´( ) generically depicts the anisotropic
turbulent perturbation ﬁeld that is generated due to various forcing terms that arise because of the organised
disturbances. Why or how do these perturbation terms come about? These come because of the non linear
interaction between the organised disturbance terms and the basic turbulent ﬁeld. and are like ‘forcing
terms’. Each forcing term will have a concomitant response ﬁeld of turbulence generated. The totality of
such terms is the ﬁeld u´, p´ as depicted below:
u´ =
n∑
k=1
u˘k ; v´ =
n∑
k=1
u˘k ; w´ =
n∑
k=1
w˘k ; p´ =
n∑
k=1
p´k ; (17a, b, c, d)
where, k is not a tensorial suﬃx, but it is a label for the succession of anisotropic solution ﬁelds that are ob-
tained from each of the forcing terms fk; k = 1, 2, 3, · · · , n, that are there because of the nonlinear ineraction
of the organised disturbances with the basic turbulent ﬁeld. We can write the equations of momentum and
continuity for the u´, v´, w´, p´ ﬁeld, by using a quadruple decomposition
U = U + u + u˜ + u´ ; V = v + v˜ + v´ ; W = w + w´ ; P = P + p + p˜ + p´. (18a, b, c, d)
Also u, v,w, p represents the unmodulated turbulent ﬁeld and is given as
u = uˆ + u˘0 ; v = vˆ + v˘0 ; w = wˆ + w˘0 ; p = pˆ + p˘0 ; . (19a, b, c, d)
After substituting eqs. (18a, b, c, d) and (19a, b, c, d) in the Navier-Stokes and continuity equations, we
separate the mean part, and also separate the parts respectively corresponding to the sets uˆi, pˆ and u˘i, p˘. The
residual equations are thereafter linearised based on the following measures. The organised disturbances
are ∼ O(1), where 1 is another small quantity depicting the (inﬁnitesimal) amplitude of the organised
disturbances, and this measure is small everywhere in the solution ﬁeld. Also 1 is independent of  which
is ∼ dU
dy
. Thus terms of the order ∼ (2
1
) are neglected, but terms like ∼ (1) are retained. This is because
 ∼ dU
dy
, and dU
dy
is large in the near wall region. Based on the above we have the equations for u´i, p´ as
follows:
∂u´
∂t
+ U
∂u´
∂x
+ u
∂u´
∂x
+ v
∂u´
∂y
+ w
∂u´
∂z
+ u´
∂u
∂x
+ v´
∂u
∂y
+ w´
∂u
∂z
+ v´
dU
dy
− ν∇2u´ + 1
ρ
∂p´
∂x
= f˜x ;
f˜x = −(uˆ + u˘0)
∂u˜
∂x
− vˆ∂u˜
∂y
− u˜∂(uˆ + u˘0)
∂x
− v˜∂(uˆ + u˘0)
∂y
. (20a, b)
∂v´
∂t
+ U
∂v´
∂x
+ u
∂v´
∂x
+ v
∂v´
∂y
+ w
∂v´
∂z
+ u´
∂v
∂x
+ v´
∂v
∂y
+ w´
∂v
∂z
− ν∇2v´ + 1
ρ
∂p´
∂y
= f˜y ;
f˜y = −(uˆ + u˘0)
∂v˜
∂x
− vˆ∂v˜
∂y
− u˜∂v
∂x
− v˜∂v
∂y
. (21a, b)
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∂w´
∂t
+ U
∂w´
∂x
+ u
∂w´
∂x
+ v
∂w´
∂y
+ w
∂w´
∂z
+ u´
∂w
∂x
+ v´
∂w
∂y
+ w´
∂w
∂z
− ν∇2w´ + 1
ρ
∂p´
∂z
= 0 ; (22)
∂u´
∂x
+
∂v´
∂y
+
∂w´
∂z
= 0 . (23)
It can be shown that the ensemble average of eqs.(20-23) gives rise to the ri j term as in eqs. (15a,b,c,d).
In the above equations (20a, b) and (21a, b), f˜x, f˜y are the forcing terms from the organised disturbances
respectively for the x- and y-momentum equations. We note that there are seven terms in the x−equation,
and there are ﬁve terms in the y−equation, i.e. respectively in f˜x and f˜y. These forcing terms, for x and y,
are respectively called f˜xl; l = 1, 2, 3, · · · , 7, and f˜ym; m = 1, 2, 3, · · · , 5, where l,m are not tensorial suﬃxes.
Corresponding to each forcing term an anisotropic turbulent solution is generated, viz u˘ki, p˘k. The equations,
for each set u˘ki, p˘k for a given k (see equations (20a, b), (21a, b), (22) and (23)), ride on the basic turbulent
ﬁeld ui, p, which is assumed known. The equations for each such set u˘ki, p˘k, for a given k are all linear, and
therefore principle of linear superposition is valid; and, this aspect is implicit in the equations for u´i, p´, viz.
eqs. (20a, b), (21a, b),(22) and (23). Also in eq. (21a, b), we remember in f˜ym that v˘0  0.
The terms in f˜xl and f˜ym can be divided into two groups as follows:
Re. terms in f˜xl :
Group 1 : −uˆ∂u˜
∂x
,−u˘0
∂u˜
∂x
,−vˆ∂u˜
∂y
; Group 2 : −u˜∂uˆ
∂x
,−u˜∂u˘0
∂x
,−v˜∂uˆ
∂y
,−v˜∂u˘0
∂y
.
Re. terms in f˜ym :
Group 1 : −uˆ∂v˜
∂x
,−u˘0
∂v˜
∂x
,−vˆ∂v˜
∂y
; Group 2 : −u˜∂vˆ
∂x
,−v˜∂vˆ
∂y
.
The terms in Group 1 represent proper gradient type transport terms, or velocity gradient terms of the
organised disturbances. These terms, are like the −vˆ dU
dy
, and are slowly varying terms as compared to the
rapid turbulent ﬂuctuations. Hence like in −v dU
dy
, where dU
dy
is treated like a local constant; the gradients
∂u˜i
∂x j
are also treated like local constants. Thus terms in Group 1 come under the purview of Rule 6. Now
we look at the terms in Group 2. These terms do not constitute transport type terms corresponding to the
organised disturbances. Hence they do not come under Rule 6. It is not that these terms do not generate
respective turbulent solution sets. Such solutions, basically forced by terms like ∂ui
∂x j
, do not give concomitant
forced turbulent sets u˘ki, p˘k, that correlate with u j; rather these solution sets may correlate, if at all, with one
or other of the turbulent velocity gradient terms ∂ui
∂x j
. Hence these sets do not contribute to Reynolds stress
terms, and therefore are ignored in the rest of the analysis.
We now look at the Group 1 terms and apply Rule 6 in succession. We do not nominally consider
all the velocity components u˘ki, in the solution set u˘ki, p˘k; rather we consider only that particular velocity
component that correlates with the forcing turbulent velocity. This way, as we shall see, we will ﬁnd terms
leading to the ri j tensor (see eqs. (15a, b, c, d, 16) and text thereafter, for the conceptual deﬁnition of ri j). In
the subsequent displayed equations we show the application of Rule 6. First we give the expression for the
forcing term; followed by a right arrow (−→); followed by the particular velocity component term of the
solution set that may correlate with the forcing term. This is followed by the generic pair {forcer, forced},
vide text following eq. (11a, b, c).
f˜x1 = −uˆ
∂u˜
∂x
−→ u˘1 = −uˆ∗
∂u˜
∂x
; −{uˆ∗, u˘•1}
∂u˜
∂x
; (24)
f˜x2 = −u˘0
∂u˜
∂x
−→ u˘2 = −u˘∗0
∂u˜
∂x
; −{u˘∗0, u˘•2}
∂u˜
∂x
; (25)
f˜x3 = −vˆ
∂u˜
∂y
−→ u˘3 = −vˆ∗
∂u˜
∂y
; −{vˆ∗, u˘•3}
∂u˜
∂y
; (26)
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f˜y1 = −uˆ
∂v˜
∂x
−→ v˘1 = −uˆ∗
∂v˜
∂x
; −{uˆ∗, v˘•1}
∂v˜
∂x
; (27)
f˜y2 = −u˘0
∂v˜
∂x
−→ v˘2 = −u˘∗0
∂v˜
∂x
; −{u˘∗0, v˘•2}
∂v˜
∂x
; (28)
f˜y3 = −vˆ
∂v˜
∂y
−→ v˘3 = −vˆ∗
∂v˜
∂y
; −{vˆ∗, v˘•3}
∂v˜
∂y
; (29)
On feedback forcing we get two more u˘ components, viz. u˘4 and u˘5. These are given as follows.
f˜x4 = v˘1
dU
dy
= uˆ∗
dU
dy
∂v˜
∂x
−→ u˘4 = uˆ∗∗
dU
dy
∂v˜
∂x
; {uˆ∗∗, u˘•4}
dU
dy
∂v˜
∂x
; (30)
f˜x5 = v˘3
dU
dy
= vˆ∗
dU
dy
∂v˜
∂y
−→ u˘5 = vˆ∗∗
dU
dy
∂v˜
∂y
; {vˆ∗∗, u˘•5}
dU
dy
∂v˜
∂y
; (31)
The following is to be noted in connection with the above.
− < uˆuˆ∗ >= ε ; − < u˘0vˆ∗ >=< vˆ∗vˆ∗ >
dU
dy
= −2εdU
dy
; − < vˆvˆ∗ >= ε ; (32a, b, c)
< uˆuˆ∗∗ >
dU
dy
= −εdU
dy
; − < u˘0vˆ∗ >=< vˆ∗vˆ∗ >
dU
dy
= −2εdU
dy
;
< vˆvˆ∗∗ >
dU
dy
= −εdU
dy
. (33a, b, c)
5. The ensemble averaged Reynolds stresses
The turbulent velocity ﬁeld, unperturbed by organised disturbances is superscripted by t, and is called
ut
i
; and this is given as
uti = (uˆi + u˘0i) . (34)
The total Reynolds stress is given as σT
i j
, where superscript T is the generic symbol for ‘total’, and, in the
context of the present problem it has two manifestations. One that is called < σT
i j
> obtained after ensemble
averaging, as follows:
< σTi j >=< (u
t
i + u´i)(u
t
j + u´ j) > . (35)
The other expression is σT
i j
which is obtained after time averaging, and is given as follows:
σTi j = (u
t
i
+ u´i)(u
t
j
+ u´ j) . (36)
Further we also have that
< (utiu
t
j) >= (u
t
i
ut
j
) ; and, ut
i
u´ j = 0 ; but < u
t
iu´ j > 0 . (37a, b, c)
Hence, from equations (41-44), the expression for ri j is given as
ri j =< σ
T
i j > −σTi j =< utiu´ j > + < utju´i > ; (38)
where the terms < u´iu´ j > and u´iu´ j, being ∼ O(21 ), are neglected.
We now look at the ensemble averaged Reynolds stresses, component wise. First we have the uu-like
terms, namely
rxx =< σ
T
xx > −σTxx =< (uˆ + u˘0 + u˘1 + u˘2 + u˘3 + u˘4 + u˘5)
×(uˆ + u˘0 + u˘1 + u˘2 + u˘3 + u˘4 + u˘5) > −(uˆ + u˘0)(uˆ + u˘0) ; (39)
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Next we have the uv-like terms, namely
rxy =< σ
T
xy > −σTxy =< (uˆ + u˘0 + u˘1 + u˘2 + u˘3 + u˘4 + u˘5)
×(vˆ + v˘1 + v˘2 + v˘3) > −(uˆ + u˘0)vˆ ; (40)
Next we have the vv-like terms, namely
ryy =< σ
T
yy > −σTyy =< (vˆ + v˘1 + v˘2 + v˘3)(vˆ + v˘1 + v˘2 + v˘3) > −(vˆvˆ) ; (41)
From the above equation (39), after neglecting (U
′
)2-terms which do not contribute to the Reynolds stresses,
the terms that survive are the following:
rxx = 2(< uˆu˘1 > + < uˆu˘2 > + < uˆu˘3 > + < uˆu˘4 > + < u˘0u˘1 > + < uˆ0u˘3 >) ; (42)
rxy =< uˆv˘1 > + < uˆv˘2 > + < uˆv˘3 > + < u˘0v˘1 > + < u˘0v˘3 >
+ < u˘1vˆ > + < u˘2vˆ > + < u˘3vˆ > + < u˘5vˆ > ; (43)
ryy = 2(< vˆv˘2 > + < vˆv˘3 >) ; (44)
In the above equations (39-41) the individual non-zero ensemble averages can be obtained by using eqs.
(24-38), as follows:
Re. rxx terms :
< uˆu˘1 >= ε
∂u˜
∂x
; < u˘0u˘3 >= −2εU
′ ∂u˜
∂y
; < uˆu˘4 >= −εU
′ ∂v˜
∂x
. (45a, b, c)
Re. rxy terms :
< uˆv˘1 >= ε
∂v˜
∂x
; < u˘0v˘3 >= −2εU
′ ∂v˜
∂y
; < u˘2vˆ >= −εU
′ ∂u˜
∂x
;
< u˘3vˆ >= ε
∂u˜
∂y
; < u˘5vˆ >= −εU
′ ∂v˜
∂y
. (46a, b, c, d, e)
Re. ryy terms :
< vˆv˘2 >= −εU
′ ∂v˜
∂x
; < vˆv˘3 >= ε
∂v˜
∂y
. (47a, b, c)
We now collate all the terms and write the expression for ri j, splitting into isotropic r
(iso)
i j
, and anisotropic
r
(aniso)
i j
parts as follows:
r(iso)xx = 2ε
∂u˜
∂x
; r(iso)xy = ε
⎛⎜⎜⎜⎜⎜⎝∂v˜∂x +
∂u˜
∂y
⎞⎟⎟⎟⎟⎟⎠ ; r(iso)yy = 2ε∂v˜∂y ; (48a, b, c)
r(aniso)xx = −4εU
′ ∂u˜
∂y
− 2εU′ ∂v˜
∂x
;
r(aniso)xy = −2εU
′ ∂v˜
∂y
− εU′ ∂u˜
∂x
− εU′ ∂v˜
∂y
;
r(aniso)yy = −2εU
′ ∂v˜
∂x
. (49a, b, c)
Thus we are able to reproduce the expression for ri j in the Sen and Veeravalli [1,2,3] works, exactly,
when we replace their anisotropic function λ, by the gradient of the mean velocity U
′
. Both λ and U
′
have
very similar shapes.
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A brief look is now given to the derivation of the equation of Sen and Veeravalli. We substitute eqs.
(48a, b, c) and (49a, b, c) in eqs.(15a, b, c, d) for the organised disturbances, remembering that ν = 1
R
. Further
we introduce the stream function for organised disturbances as follows.
ψ(x, y, t) = φ(y)E; E = exp[iα(x − ct)] ; (50a, b)
where α is the spatial wavenumber and c = cr + ici, where again cr is the phase speed and αci is the temporal
growth rate. Disturbances amplify when ci > 0, and decay when ci < 0. With these substitutions as above
we obtain the equation derived by Sen and Veeravalli, as follows.
iα
[
(U − c)(φ′′ − α2φ) − U′′φ
]
− 1/R
[
φ′′′′ − 2α2φ′′ + α4φ
]
−1/R
[
E
{
φ′′′′ − 2α2φ′′ + α4φ
}
+ 2E′
{
φ′′′ − α2φ′
}
+ E′′
{
φ′′ + α2φ
}]
− λE
R
[
−2iαφ′′′ + 2iα3φ′
]
− 2iαφ
′
R
[
λE′′ + 2λ′E′ + λ′′E
]
= 0 . (51)
6. Conclusions
An attempt has been made in this work to take a re-look at the structure of anisotropy in wall turbulence.
First it is argued that the isotropic part in the outer region, is actually carried over into the wall region.
Second it is argued that the anisotropic part is brought about by the forced solution induced by the mean
velocity gradient. As is well known, the mean velocity gradient increases, as one moves towards the wall
from the outer region. A precise meaning of eddy viscosity is also obtained. All these above conclusions
are arrived at after reconciliation with past experiments.
The above ideas are extended to the case of organised disturbances, when such disturbances exist, or
have been induced, in the wall turbulent region. As a course of the analysis the constitutive equations
for organised disturbances are obtained, inclusive of the anisotropic part taken into account by Sen and
Veeravalli [1,2]. Finally, the equation for organised disturbances is derived which exactly matches the
equation of Sen and Veeravalli [1,2], who had derived their equation based on semi-empirical considerations.
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Fig. 1. Root mean square velocity components, ur(−•−), vr(−◦−),wr(−−), and turbulent shear stress (−−) in a turbulent boundary
layer
Fig. 2. Root mean square velocity components, ur(−•−), vr(−◦−),wr(−−), and turbulent shear stress (−−), in a turbulent boundary
layer, with ur , vr ,wr corrected for intermittancy
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Fig. 3. Mean Velocity U in turbulent boundary layer
Fig. 4. Mean velocity gradient dU
dy
in turbulent boundary layer
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Fig. 5. Plots of velocity components v∗ ≡ vr , ucap ≡ ur ,wcap ≡ wr , uc ≡ u˘cr , un ≡ u˘cn
Fig. 6. Matching of shear stress distribution between experiment and theory from Klebanoﬀ’s experiments (− ◦ −) and from present
theory (− • −)
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Fig. 7. Normalied velocity components v∗ ≡ vr , ucap ≡ ur ,wcap ≡ w˘r , uc ≡ u˘cr , un ≡ u˘nr
Fig. 8. Eddy viscosity ε comparisons between Klebanoﬀ’s experiments (− • − and present theory (−  −)
